Abstract. Let k be an algebraically closed field, let X be a topological space, let A be a sheaf of associative k-algebras on X, and let F = {F 1 , . . . , Fp} be a finite family of sheaves of left A-modules on X. In this paper, we develop a noncommutative deformation theory for the family F . This theory generalizes the noncommutative deformation theory for finite families of left modules over an associative k-algebra, due to Laudal.
Introduction
Let k be an algebraically closed field, and let l denote the category of local Artinian commutative k-algebras (A, m) such that the composition k → A → A/m is an isomorphism, with local homomorphisms as its morphisms. We define a functor of Artin rings to be a covariant functor D : l → Sets such that D(k) only contains one element. In the classical paper Schlessinger [26] , criteria for functors of Artin rings to have a pro-representable hull, respectively for functors of Artin rings to be pro-representable, were given.
It was suggested in Grothendieck [12] that functors of Artin rings would be useful for studying the formal local structure of functors in algebraic geometry. Let for instance G : Sch/k → Sets be any contravariant functor on the category of kschemes, and fix an element * ∈ G(Spec k). Then D(R) = {ξ ∈ G(Spec R) : ξ → * } defines a functor D : l → Sets of Artin rings. If G is represented by a k-scheme X, then * corresponds to a k-rational point x ∈ X, and D is pro-represented by O X,x .
The local moduli problem in algebraic geometry is the problem of finding the local rings of a moduli space. The idea is that an algebraic or algebro-geometric This research has been supported by a postdoctoral grant awarded by the Norwegian Research Council, project no. 157740/432, and a grant awarded by the Mittag-Leffler Institute.
object E corresponding to a closed point in a moduli space X should contain all the information about the infinitesimal neighbourhood of E in X, and no a priori knowledge of the moduli space X is necessary to describe the formal local structure of X at E. If X is a fine moduli space, then O X,E pro-represents the associated functor of Artin rings, the deformation functor Def E : l → Sets of E in X. Hence O X,E can be reconstructed from E in this case, using the deformation functor Def E .
Unfortunately, many moduli functors in algebraic geometry are not representable. In other words, a fine moduli space does not exist in the category of k-schemes. Similarly, many functors of Artin rings of interest in algebraic geometry are not pro-representable. But it turns out that Schlessinger's conditions are often satisfied in these cases, and hence a pro-representing hull H often exists.
Constructive methods for finding these hulls have since been developed in many situations, especially when D = Def E is the deformation functor of an algebraic or algebro-geometric object E, see Laudal [20] , [21] . The methods are most effective when Def E has an obstruction theory with cohomology A n (E) of finite k-dimension. But more generally, if A n (E) has a countable k-basis for n = 1, 2, there is an obstruction morphism o E : T 2 → T 1 , where T n denotes the completion of the symmetric k-algebra of the (topological) k-dual of A n (E) for n = 1, 2, such that H(E) = T 1 ⊗ T 2 k p is a pro-representing hull for Def E . In many known cases, the obstruction morphism o E , and therefore the hull H(E), is completely determined by the cohomology groups A n (E) for n = 1, 2 and some symmetric matric Massey products on them, see Laudal [20] , [21] .
Functors of noncommutative Artin rings were first considered in Laudal [22] , and generalizes the functors of Artin rings in Schlessinger [26] . For a fixed positive integer p ≥ 1, the category a p is the category of p-pointed complete Artinian algebras, with p-pointed homomorphisms. More explicitly, an object of a p is an associative ring R, together with structural ring homomorphisms f : k p → R and g : R → k p with g • f = id, such that R is an I-adic (separated) complete Artinian ring, where I = ker(g). The morphisms in a p are the ring homomorphisms which commute with the structural morphisms. A functor of (p-pointed) noncommutative Artin rings is a covariant functor D : a p → Sets such that D(k p ) consists of a single element. A systematic introduction to functors of noncommutative Artin rings, and a criterion for the existence of pro-representing hulls using obstruction theory, is given in section 2.
In the unpublished Master thesis Ile [16] , an alternative exposition of functors of noncommutative Artin rings, along the lines of Schlessinger [26] , was given. Notice that Ile requires that the objects in the pro-categoryâ p should be Noetherian rings, and this leads to an error in his exposition. It seems that this error could be fixed by removing the Noetherian hypothesis, and replacing some of the proofs with proofs of similar results in section 2.
It is well-known that many moduli problems in algebraic geometry cannot have a scheme as (any reasonable form of) moduli space. It is nowadays accepted that there should be an extension of algebraic geometry to a noncommutative algebraic geometry, that allows for noncommutative schemes. Moreover, it is evident that many problems coming from commutative algebraic geometry have solutions that best can be described using such noncommutative schemes.
We may view l ⊆ a 1 as a full subcategory, consisting of exactly those algebras in a 1 which are commutative. To consider functors on a 1 instead of functors on l is therefore a natural generalization. Given an algebraic or algebro-geometric object E, the idea is that there should be a noncommutative deformation functor Def E : a 1 → Sets extending Def E : l → Sets. The functor Def E should be a functor of noncommutative Artin rings which has an obstruction theory with cohomology A n (E), see section 2 for definitions. If this is the case, then Def E has a pro-representing hull H(E) inâ 1 whenever the cohomology A n (E) has finite k-dimension for n = 1, 2. Moreover, the commutativization H(E) c of H(E) is a pro-representing hull of Def E : l → Sets in this case.
To consider functors on a p for any integer p ≥ 1 instead of functors on a 1 is also a natural generalization, but one that is less obvious and more noncommutative in nature. Given any finite family E = {E 1 , . . . , E p } of algebraic or algebro-geometric objects, the idea is that there should be a noncommutative deformation functor Def E : a p → Sets of the family E, extending the noncommutative deformation functors Def Ei : a 1 → Sets via the p natural inclusions of categories a 1 ֒→ a p . The functor Def E should be a functor of noncommutative Artin rings which has an obstruction theory with cohomology (A n ij (E)), see section 2 for definitions, where A n ii (E) is the cohomology of the deformation functor Def Ei : a 1 → Sets of E i for 1 ≤ i ≤ p. If this is the case, then Def E has a pro-representing hull H(E) inâ p whenever the cohomology A n ij (E) has finite k-dimension for 1 ≤ i, j ≤ p, n = 1, 2. Moreover, the commutativization H(E)
c of H(E) is isomorphic to the direct sum H(E) However, it is obvious that in general, the hull H(E) of the family E is not isomorphic to the direct sum H(E 1 ) ⊕ · · · ⊕ H(E p ) of the hulls of the objects E i in the family E. This indicates that there are some noncommutative interactions between the objects in the family E which are not visible at the commutative level.
We also remark that the noncommutative deformation functor Def E : a p → Sets of a finite family E = {E 1 , . . . , E p } of algebraic or algebro-geometric objects is not the same as the noncommutative deformation functor Def E : a 1 → Sets of the direct sum E = E 1 ⊕ · · · ⊕ E p . In fact, it is easy to find examples such that the hull H(E) of Def E inâ 1 is an integral domain, while the hull H(E) of Def E inâ p always has non-zero zero-divisors.
In Laudal [22] , an important example of a noncommutative deformation functor was considered, the noncommutative deformation functor Def M of a finite family M of left modules over an associative k-algebra A. Laudal showed that Def M is a functor of noncommutative Artin rings which has an obstruction theory with cohomology (A n ij (M)) = (Ext n A (M j , M i )). More detailed expositions of this deformation functor are given in Eriksen [3] and Ile [16] .
In this paper, a noncommutative deformation functor Def F of a finite family F of sheaves of left A-modules on X is constructed when X is a topological space and A is a sheaf of associative k-algebras on X. If F is a family of quasi-coherent left A-modules on X and U is any good, A-affine open cover of X, then we show that Def F has an obstruction theory with cohomology (A n ij (F )) = (H n (U, F j , F i )). The cohomology groups H n (U, F j , F i ) are called the global Hochschild cohomology groups, and we refer to section 7 for their definition.
We remark that it is possible to consider n-obstruction theories for functors of noncommutative Artin rings along the lines of Ile [17] , where such theories for functors of Artin rings were considered. A 1-obstruction theory in the sense of Ile is the same as an obstruction theory in the sense of section 2. Using Ile's alternative approach, it would be possible to construct a 3-obstruction theory for Def F , and use this to construct a pro-representing hull H(F ) for Def F .
Noncommutative deformation theory is an important tool in noncommutative algebraic geometry, which makes it possible to study the formal local structure of noncommutative moduli spaces. In fact, Laudal goes further in this direction, and has used noncommutative deformation theory of modules as a foundation for his version of noncommutative algebraic geometry, see Laudal [23] .
Furthermore, noncommutative deformation theory has important applications to representation theory. In Laudal [22] , it was shown that noncommutative deformations of modules are closely related to iterated extensions in module categories. In the paper Eriksen [4], we used methods based on this result to study finite length categories of modules over an associative k-algebra. In particular, we classified all indecomposable modules in any uniserial length category. The methods we used in Eriksen [4] work in any Abelian k-category for which a reasonable noncommutative deformation theory is established.
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Organization of the paper and presentation of main results.
In section 2 we give a systematic introduction to functors of noncommutative Artin rings. For a functor D : a p → Sets of noncommutative Artin rings, we define the notion of an obstruction theory with cohomology (H n ij ). Moreover, we prove that whenever D has an obstruction theory with finite dimensional cohomology, then it has a pro-representing hull H(D) which is determined by an obstruction morphism.
In section 3, we introduce the deformation functor Def F : a p → Sets of any finite family F = {F 1 , . . . , F p } of sheaves of left A-modules on X, where X is a topological space and A is a sheaf of associative k-algebras on X. Moreover, we show that Def F is a functor of noncommutative Artin rings.
In section 4, we study quasi-coherent left A-modules and some properties of open covers of X. An open cover U of X is good if any finite intersection V of open sets in U can be covered by open sets in U contained in V , and U is an Aaffine cover if U is A-affine for all U ∈ U, or equivalently, if the global sections functor Γ(U, −) : QCoh(A) → Mod(A) with A = A(U ) defines an equivalence of categories and H n (U, F ) = 0 for all U ∈ U, F ∈ QCoh(A| U ) and all n ≥ 1. In section 5, we give several examples of ringed spaces (X, A) such that X has a good, A-affine open cover. The main commutative example is (X, O X ), where X is a scheme over k and O X is the structure sheaf. A quasi-coherent ringed scheme over k is a ringed space (X, A) such that X is a scheme over k, together with a morphism of sheaves of associative k-algebras O X → A such that A is quasi-coherent as a (left and right) sheaf of O X -modules. Any quasi-coherent ringed scheme over k has a good, A-affine open cover, and this gives many noncommutative examples, including all the D-algebras in the sense of Beilinson, Bernstein [2] when k has characteristic 0. Notice that if X is quasi-compact and separated over k, then we may choose the open cover U to be finite and closed under intersections.
In section 6 we recall the resolving complexes of projective limit functors, and in section 7 we use these complexes to define the global Hochschild cohomology groups H n (U, F , G) of the left A-modules F , G with respect to an open cover U of X. These cohomology groups globalize the Hochschild cohomology groups of an associative k-algebra A with values in the bimodule Hom k (M, N ) given by left A-modules M, N . This makes the name global Hochschild cohomology appropriate. We remark that a priori, the global Hochschild cohomology groups defined in this paper are different from the global Hochschild cohomology groups considered earlier by Kontsevich, Gerstenhaber, Schack and Swan.
In section 8, we show that Def F : a p → Sets has an obstruction theory with cohomology (H n (U, F j , F i )) whenever U is a good, A-affine open cover of X and F is a family of quasi-coherent left A-modules. In section 9, we prove the main result in this paper:
The obstruction morphism is completely determined by the obstruction theory of Def F , described in detail in proposition 24. It is therefore reasonable to expect that the obstruction morphism is completely determined by the cohomology groups H n (U, F j , F i ) for n = 1, 2 and some matric Massey products defined on them. We shall describe these matric Massey products in a forthcoming paper.
In section 10, we relate the global Hochschild cohomology groups H n (U, F j , F i ) to the groups qExt n A (F j , F i ) of n-fold extensions in QCoh(A). This relationship is important in order to describe the connection between noncommutative deformations of sheaves of modules and iterated extensions in QCoh(A), which we shall return to in a forthcoming paper. In section 11, we apply our results to quasicoherent ringed schemes (X, A) over k. 
Let X be any scheme over k, and let F be a quasi-coherent sheaf of O X -modules. Siqveland constructs a deformation functor Def F : l → Sets in Siqveland [27] , and claims that this functor has an obstruction theory with cohomology Ext n OX (F , F ). When X is a separated, locally Noetherian scheme over k, corollary 2 generalizes Siqveland's result to functors of noncommutative Artin rings. By proposition 4, this gives a new proof of Siqveland's result in this case.
Moreover, it seems that the proof in Siqveland [27] contains an error in the generality in which it is stated, and that it is necessary to assume that X is a quasiprojective scheme over k and that F is a coherent O X -module for his methods to work. If these conditions are satisfied, Siqveland constructs some symmetric matric Massey products on Ext n OX (F , F ) which determine the obstruction morphism of Def F . Corollary 3. Let (X, A) be a quasi-coherent ringed scheme over k such that X is a separated scheme over k, and let F be a finite family of quasi-coherent left A-modules. Then Def F has an obstruction theory with cohomology (H n ij ), where H 1 ij in these cases. If moreover X is an integral quasi-projective scheme over k and F is a family of O X -torsionfree left A-modules, we may apply corollary 4 as well.
In section 12, we compute the cohomology groups H n (U, F , F ) ∼ = qExt n DX (F , F ) directly when X is any elliptic curve over k, D X is the sheaf of differential operators on X, and F = O X is considered as a left D X -module in the natural way. In this example, we assume that k has characteristic 0.
Functors of noncommutative Artin rings
Let us fix an algebraically closed field k, and let p ≥ 1 be a positive integer. We shall define the category a p of p-pointed noncommutative Artin rings. For expository purposes, we first define A p , the category of p-pointed k-algebras. An object of A p is an associative ring R, together with structural ring homomorphisms
we denote by I = I(R) = ker(g) the radical ideal of R. The category a p is the full subcategory of A p consisting of objects R in A p such that R is Artinian and (separated) complete in the I-adic topology. For each integer n ≥ 1, a p (n) is the full subcategory of a p consisting of objects R in a p such that I n = 0. Finally, the pro-categoryâ p is the full subcategory of A p consisting of objects R in A p such that R n = R/I n is in a p (n) for all n ≥ 1 and such that R is (separated) complete in the I-adic topology. Clearly, a p ⊆â p is a full subcategory.
Let R be an object of A p . It is easy to see that R is in a p if and only if R has finite dimension as a vector space over k and I = I(R) is nilpotent. Moreover, if this is the case, I is the Jacobson radical of R, and there are exactly p isomorphism classes of simple left R-modules, all of dimension 1 over k.
We also remark that any object R in A p is a matric ring R = (R ij ) in the following sense: Denote the indecomposable idempotents in k p by e 1 , . . . , e p , and let R ij = e i Re j for 1 ≤ i, j ≤ p. Then there is a k-linear isomorphism
since e 1 + · · · + e p = 1 and e i e j = 0 if i = j. Moreover, multiplication in R corresponds to matric multiplication in (R ij ). In general, we shall denote the direct sum of a family {V ij : 1 ≤ i, j ≤ p} of k-linear vector spaces by (V ij ).
We define a functor of (p-pointed) noncommutative Artin rings to be a covariant functor D : a p → Sets such that D(k p ) consists of a single element * . It is clear that for any R ∈ a p , there is a distinguished element * ∈ D(R), given by D(k p → R)( * ). In general, if u : R → S is a morphism in a p and ξ S ∈ D(S), we say that an element (2) , so u 2 and v 2 are mutual inverses. Let us denote by gr n (R) = I(R) n /I(R) n+1 for all R ∈â p and all n ≥ 1. By the above argument, it follows that gr 1 (u) and gr 1 (v) are mutual inverses. In particular, gr 1 (u • v) = gr 1 (u)• gr 1 (v) = id is surjective. This implies that gr n (u • v) is a surjective endomorphism of the finite dimensional vector space H ′ n for all n ≥ 1, and hence an automorphism of H ′ n for all n ≥ 1. So u • v is an automorphism, and by a symmetric argument, v • u is an automorphism as well. It follows that u and v are isomorphisms of pro-couples. 
Let us denote by
of k-linear vector spaces. In particular, t(D) ij has a canonical k-linear structure whenever D has a pro-representing hull.
Let u : R → S be a surjective morphism in a p with kernel K = ker(u). We say that u is a small surjection if KI = IK = 0, where I = I(R) is the radical of R. A small lifting situation for the functor D is defined by a small surjection u : R → S and an element ξ S ∈ D(S). In order to establish the existence of a pro-representing hull H for D, we are led to consider the possible liftings of ξ S to R in small lifting situations.
Let {H n ij : 1 ≤ i, j ≤ p} be a family of vector spaces over k for n = 1, 2. We say that the functor D has an obstruction theory with cohomology (H n ij ) if the following conditions hold:
(1) For any small lifting situation, given by a small surjection u : R → S with kernel K = ker(u) and an element ξ S ∈ D(S), we have: (a) There exists a canonical obstruction o(u, ξ S ) ∈ (H 2 ij ⊗ k K ij ) such that o(u, ξ S ) = 0 if and only if there exists a lifting of ξ S to R, (b) In this case, there is an transitive and effective action of (H
is the natural map induced by α. Moreover, if H n ij has finite k-dimension for 1 ≤ i, j ≤ p, n = 1, 2, then we say that D has an obstruction theory with finite dimensional cohomology.
From now on, we shall assume that D has an obstruction theory with finite dimensional cohomology (H n ij ). Notice that for any object R ∈ a p (2), the morphism R → k p is a small surjection. This implies that there is a canonical set-theoretical bijection (H 1 ij ⊗ k I(R) ij ) ∼ = D(R), defined using the trivial lifting * ∈ D(R). In particular, there is a set-theoretical bijection between
n to be the free, formal matric ring inâ p generated by the k-linear
where T 
Proof. Let us write I = I(T 1 ). For all n ≥ 1, we also write
p , where the tensor product is taken over o 2 :
Using o 2 and ξ 2 as a starting point, we shall construct o n+1 and ξ n+1 for n ≥ 2 by an inductive process. So let n ≥ 2, and assume that the morphism o n :
We shall also assume that t n−1 • o n = o n−1 and that ξ n is a lifting of ξ n−1 .
Let us first construct the morphism o n+1 :
. We define a ′ n to be the ideal in T 1 n generated by o n (I(T 2 )). Then a ′ n = a n /I n for an ideal a n ⊆ T 1 with I n ⊆ a n , and H n ∼ = T 1 /a n . Let b n = Ia n + a n I, then we obtain the following commutative diagram:
Observe that T 1 /b n → T 1 /a n is a small surjection. So by assumption, there is an
Consequently, we obtain a morphism o
with b n ⊆ a n+1 ⊆ a n . We define H n+1 = T 1 /a n+1 and obtain the following commutative diagram: / / H n = T 1 /a n By the choice of a n+1 , the obstruction for lifting ξ n to H n+1 is zero. We can therefore find a lifting ξ n+1 ∈ D(H n+1 ) of ξ n to H n+1 . The next step in the construction is to find a morphism o n+1 : T 2 → T 1 n+1 which commutes with o ′ n+1 and o n . We know that t n−1 • o n = o n−1 , which means that a n−1 = I n−1 + a n . For simplicity, let us write O(K) = (Hom k (gr 1 (T 2 ) ij , K ij )) for any family K = (K ij ) of vector spaces over k. Consider the following commutative diagram of k-vector spaces, in which the columns are exact:
We may consider consider o n as an element in O(a n−1 /I n ), since a n ⊆ a n−1 . On the other hand, o
) ⊆ a n , so we can find an element o n+1 ∈ O(a n /I n+1 ) such that k n (o n+1 ) = o n . Since a n−1 = a n + I n−1 , j n is surjective. Elementary diagram chasing, using the snake lemma, implies that we can find
which commutes with o n and o ′ n+1 . In particular, we have that
when the tensor product is taken over o n+1 . By induction, it follows that we can find a morphism o n :
p , for all n ≥ 1. From the construction, we see that t n−1 • o n = o n−1 for all n ≥ 2, so we obtain a morphism o : T 2 → T 1 in a p by the universal property of the projective limit. Moreover, let us define H to be the object
Clearly, it is enough to prove that (H n , ξ n ) is a pro-representing hull for D restricted to a p (n) for all n ≥ 3. So let φ n : Mor(H n , −) → D be the morphism of functors on a p (n) corresponding to ξ n . We shall prove that φ n is a smooth morphism for all n ≥ 3. Let u : R → S be a small surjection in a p (n), let E R ∈ D(R) and v ∈ Mor(H n , S) be elements such that D(u)(E R ) = D(v)(ξ n ) = E S , and consider the following commutative diagram:
R is a lifting of E S to R. By assumption, the difference between E R and E ′ R is given by an element
It follows that φ n is smooth for all n ≥ 3. 
Let D : a 1 → Sets be a functor of noncommutative Artin rings, and consider the full subcategory l ⊆ a 1 consisting of the commutative k-algebras in a 1 . We denote by D c : l → Sets the restriction of D to l . Moreover, for any associative ring R, we define the commutativization of R to be the quotient R c = R/I c (R), where I c (R) is the ideal in R generated by all the commutators {ab − ba : a, b ∈ R}. Then we have the following result: Proof. The first part is clear from the definition of obstruction theories. It follows that there is an obstruction morphism o :
, and it is clearly enough to prove that these morphisms are compatible. To show this, let u : R → S be a small surjection in a 1 and let ξ S ∈ D(S). We let u c : R c → S c be the commutativization of u, we let α : R → R c and β : S → S c be the natural morphisms, and we let 
Proof. The first part is clear from the definition of obstruction theories. For the second part, notice that H(D) c ij = 0 whenever i = j. In fact, for any x ij ∈ H(D) ij with i = j, we have the commutator
c by proposition 4.
Deformations of sheaves of modules
Let X be a topological space, let A be a sheaf of associative k-algebras on X, and let F = {F 1 , . . . , F p } be a finite family of sheaves of left A-modules on X. In this section, we define the noncommutative deformation functor Def F : a p → Sets, which describes the simultaneous deformations of the family F , and study its basic properties.
Let us introduce some convenient notations: Let A be an associative ring, and let M be a (left or right) A-module. We shall write A for the constant sheaf of rings on X associated with A, and M for the constant sheaf of (left or right) A-modules associated with the (left or right) A-module M .
Let R be any object in a p . A lifting of the family F to R is a sheaf F R of A-R bimodules, together with isomorphisms η i :
(1) the common subsheaf of rings k in A and R acts centrally on F R , (2) we have
as sheaves of right R-modules. As in the case of vector spaces, we denote by (F ij ) the direct sum of the sheaves F ij whenever {F ij : 1 ≤ i, j ≤ p} is a family of sheaves of k-linear vector spaces on X.
We define a deformation of F to R to be an equivalence class of liftings of the family F to R, and write Def F (R) for the set of all such deformations.
Let u : R → S be a morphism in a p , and let F R be a lifting of the family F to R. We define F S = F R ⊗ R S, which is a sheaf of A-S bimodules on which k acts centrally. Notice that there is a natural isomorphism of sheaves of left A-modules
Proof. Let us denote the presheaf given by
for each open subset U ⊆ X as in the case of modules, so we have an isomorphism of presheaves φ : G → H. The associated isomorphism of sheaves is the the required isomorphism of sheaves of right S-modules.
It follows that if F R is a lifting of the family F to R, then F S is a lifting of the family F to S. From the naturality of the isomorphisms ψ i , it is also clear that if τ : F R → F ′ R defines an equivalence of liftings to R, then τ ⊗ R id : F S → F ′ S defines an equivalence of liftings to S. This proves that Def F : a p → Sets is a covariant functor, and we call it the noncommutative deformation functor associated with the family F of sheaves of left A-modules on X.
Let R be any object of a p , and consider a deformation of the family F to R. Without loss of generality, we may assume that the deformation is represented by a sheaf of A-R bimodules F R = (F i ⊗ k R ij ) with the natural structure as a sheaf of right R-modules. To describe the deformation completely, it is therefore enough to specify the left action of A(U ) on (F i (U ) ⊗ k R ij ) for all open connected subsets U ⊆ X. Moreover, it is enough to specify the action of A(U ) on elements of the form f i ⊗ e i , where f i ∈ F i (U ) is any section and e i ∈ R ii is the standard idempotent. Clearly, we must have
For any R in a p , consider the left action of A(U ) on (
Since F i is a sheaf of left A-modules for 1 ≤ i ≤ p, this left action defines a deformation * ∈ Def F (R), which we call the trivial deformation of F to R. In the case R = k p , we have that Def F (k p ) = { * }, since I(k p ) = 0. In particular, Def F : a p → Sets is a functor of noncommutative Artin rings.
By definition, the tangent space t(Def F ) = (t(Def F ) ij ) of the deformation functor Def F : a p → Sets is given by t(Def
be the category of sheaves of left A-modules on X. It is well-known that this is an Abelian k-category with enough injectives. Therefore, the k-linear space Ext A (F , G) of equivalence classes of extensions of F by G in Mod(A) coincides with Ext
in the image of φ ij if and only if it is split considered as an extension in Mod(k).
Proof.
, and let F R be a lifting of F to R. Then the j'th column
is a subsheaf of F R which is closed under the left A-action. The natural maps in the sequence 0
is clear that two liftings of F to R are equivalent if and only if the corresponding extensions are equivalent. In particular, F R is a trivial deformation if and only if F R (j) is a split extension. Hence the above construction defines an injective map
Finally, let E be an extension of F j by F i in Mod(A), and let F R = E ⊕ G, where
If E ∼ = F i ⊕ F j as sheaves of k-modules, then F R can be made into a sheaf of A-R bimodules on X. In this case, it is easy to see that F R is a deformation in Def F (R) and that φ ij (F R ) = E. This proves the second part of the lemma.
However, we do not know if all extensions 0 → F → E → G → 0 in Mod(A) are split as extensions in Mod(k), even when k is a field.
By theorem 2, the tangent space and the obstruction calculus of Def F is essential in order to establish the existence of a pro-representing hull H of Def F , and to study the properties of H whenever such a hull exists. In the next sections, we shall first develop the necessary cohomological machinery, and then study the obstruction theory of Def F .
Quasi-coherent sheaves of modules
Let X be an topological space and let A be a sheaf of associative k-algebras on X. In this section, we define and study the category QCoh(A) of quasi-coherent sheaves of left A-modules on X.
The category of sheaves of left A-modules on X is an Abelian k-category, which we denote by Mod(A). It is well-known that Mod(A) satisfies (AB5) and (AB3 * ), and that it has a generator, see Grothendieck [8] . Hence Mod(A) has enough injective objects by Grothendieck [8] , theorem 1.10.1. However, Mod(A) does not have enough projective or locally free objects in general.
Let F be a sheaf of left A-modules on X. We say that F is quasi-coherent at a point x ∈ X if there exists an open neighbourhood U ⊆ X of x, free sheaves L i of left A| U -modules on U for i = 0, 1, and an exact sequence
of sheaves of left A| U -modules. Moreover, we say that F is a quasi-coherent sheaf of left A-modules if it is quasi-coherent at x for all points x ∈ X.
Let us denote the full subcategory of Mod(A) consisting of quasi-coherent left A-modules by QCoh(A). It is easy to see that QCoh(A) is closed under finite direct sums, so it is an additive k-category. However, it is not clear if QCoh(A) has kernels and cokernels in general. Therefore, we do not know if QCoh(A) is an exact Abelian subcategory of Mod(A). Moreover, we do not know if the subcategory QCoh(A) ⊆ Mod(A) is closed under extensions or arbitrary direct sums or products, or if QCoh(A) has enough injectives in general.
Lemma 8. Let A be an Abelian k-category, and let C ⊆ A be a full subcategory. Then the following conditions are equivalent:
(1) C ⊆ A is an exact Abelian subcategory which is closed under extensions,
Proof. It is well-known that C ⊆ A is an exact Abelian subcategory if and only if C is closed under kernels, cokernels, and finite direct sums. So the implication (2) ⇒ (1) is trivial, and the other follows from elementary diagram chasing.
We say that a full subcategory C of an Abelian k-category A is thick if the conditions of lemma 8 are satisfied. If X is a scheme over k and A = O X is the structure sheaf, then the subcategory QCoh(O X ) ⊆ Mod(O X ) is an example of a thick subcategory, see Hartshorne [15] , proposition II.5.7.
Lemma 9. Let A be an Abelian k-category, and let C ⊆ A be a thick subcategory.
Proof. This follows from Oort [25] , lemma 3.2 and proposition 3.3, since a full subcategory is complete in the sense of Oort if and only if it is thick.
The global sections define a left exact functor Γ(X, −) : Mod(A) → Mod(A), where A = Γ(X, A) is the associative k-algebra of global sections of A. Let us define the cohomology of X with values in a sheaf F of left A-modules on X to be the right derived functors of the global section functor applied to F ,
is a universal δ-functor since Mod(A) has enough injectives. By definition, H * (X, F ) can be calculated using an injective resolution of F in the category Mod(A). 
Proof. It follows from the comment after theorem II.7.1.1 in Godement [6] Let us consider the restriction of Γ(X, −) : Mod(A) → Mod(A) to QCoh(A), which we denote by Γ(X, −) as well. We say that X is A-affine if the following conditions hold:
(
H n (X, F ) = 0 for all F ∈ QCoh(A) and for all n ≥ 1.
Moreover, we say that an open subset U ⊆ X is A-affine if U is A| U -affine. If X is A-affine, we denote by qc X : Mod(A) → Mod(A) the inverse functor induced by the equivalence. Clearly, the image of qc X is QCoh(A) in this case. If QCoh(A) has enough injectives, then we may consider qH * (X, −), the right derived functors of Γ(X, −) :
for all F ∈ QCoh(A) and all n ≥ 0. However, it is not clear if this is the case.
Assume that condition (1) in the definition of A-affinity holds. Since Mod(A) has kernels and cokernels, the same holds for QCoh(A), so QCoh(A) ⊆ Mod(A) is an exact Abelian subcategory. By Gabriel [5] , proposition I.8.13, it follows that Γ(X, −) : QCoh(A) → Mod(A) is an exact equivalence. Hence QCoh(A) has enough injectives, and qH n (X, F ) = 0 for any F ∈ QCoh(A) and any n ≥ 1. So if H n (X, F ) = qH n (X, F ) for all F ∈ QCoh(A), n ≥ 0, then (1) implies (2). However, injective objects in the category QCoh(A) are not, in general, injective in Mod(A). In Kashiwara [18] , remark 7.4, a counterexample is given: If k = C, A = k[t], X = Spec A, and A = D X is the sheaf of k-linear differential operators on X, then there are injective objects in QCoh(A) which are not injective in Mod(A).
We may still hope that injective objects in QCoh(A) are flabby, and therefore acyclic for Γ(X, −) : Mod(A) → Mod(A). In fact, it was stated in Kashiwara [18] that this implication holds under suitable hypotheses on the ringed space (X, A). However, no proof was given of this statement.
Lemma 11. Let X be a locally Noetherian scheme over k, and let F be a quasi-
Proof. By Hartshorne [14] , theorem II.7.18, any injective object F ∈ QCoh(O X ) can be imbedded in a quasi-coherent O X -module I which is injective in Mod(O X ). On the other hand, it is easy to see that F is injective in Mod(O X ) if and only if F can be embedded in a quasi-coherent O X -module I which is injective in Mod(O X ).
Proposition 12. Assume that X is A-affine. Then QCoh(A) ⊆ Mod(A) is a thick subcategory which is closed under arbitrary direct sums and products. In particular, QCoh(A) is an Abelian k-category which satisfies (AB5) and (AB3 * ).
Proof. Since Mod(A) has kernels and cokernels, QCoh(A) has this property as well. So it follows that QCoh(A) ⊆ Mod(A) is an exact Abelian subcategory. Since Mod(A) has arbitrary direct sums and products, it also follows that the exact Abelian subcategory QCoh(A) ⊆ Mod(A) is closed under arbitrary direct sums and products. We shall show that QCoh(A) is closed under extensions. Let 0 → F → G → H → 0 be an exact sequence in Mod(A) with F , H ∈ QCoh(A). Then H 1 (X, F ) = 0, and clearly Γ(X, −) :
, where the rows are exact. Since the left and right vertical arrows are isomorphisms, so is the middle vertical arrow, and it follows that G is quasicoherent.
Let U be an open cover of X. We say that U is a good cover if any finite Let U be an open cover of X, and let i : V ֒→ U be an inclusion in U. Then the direct image functor i * : Mod(A| V ) → Mod(A| U ) is a covariant functor, which is right adjoint to the inverse image functor i
is an exact functor. Hence, i * preserves injective objects by Weibel [31] , proposition 2.3.10.
If i * preserves quasi-coherence for all inclusions i : V ֒→ U , we shall say that U satisfies (QC). If this is the case, then i * : QCoh(A| V ) → QCoh(A| U ) is a right adjoint functor to the exact restriction functor i Proof. Let U = {U i : i ∈ I} be an A-affine open cover of X which satisfies (QC) and is closed under finite intersections, and let f i : U i ֒→ X be the natural inclusion for each i ∈ I. Moreover, let F be any quasi-coherent sheaf of left A-modules on X. For any i ∈ I, we can find an injective morphism F | Ui ֒→ I i , where I i is an injective object of QCoh(A| Ui ). We claim that (f i ) * G is a quasi-coherent left A-module on X for any G ∈ QCoh(A| Ui ). Indeed, it is enough to show that ((f i ) * G)| Uj is quasicoherent for all j ∈ I, and it is easy to see that ((f i ) * G)| Uj ∼ = (f ij ) * (G| Ui∩Uj ), where f ij : U i ∩ U j → U j is the natural inclusion. Since U i ∩ U j ∈ U and U satisfies (QC), this proves the claim. It follows that (f i ) * : QCoh(A| Ui ) → QCoh(A) is right adjoint to f −1 i , and f −1 i F = F | Ui is clearly exact. Hence (f i ) * I i is injective in QCoh(A) for all i ∈ I by Weibel [31] , proposition 2.3.10. Moreover, F | Ui ֒→ I i induces a morphism F → (f i ) * I i for all i ∈ I, and therefore a morphism F → I, where I = i (f i ) * I i , and F → I is clearly an injective morphism. Since QCoh(A) satisfies (AB3*) and products of injective objects are injective, it follows that I is injective in QCoh(A). Example 2. We define a ringed scheme over k to be a ringed space (X, A) such that X is a scheme over k, together with a morphism i : O X → A of sheaves of associative k-algebras on X. We say that (X, A) is a quasi-coherent ringed scheme if A is quasi-coherent as a left and right O X -module. 
Quasi-coherent ringed schemes
Let X be a topological space, and let A be a sheaf of associative k-algebras on X. In general, it is not clear whether there are any nonempty A-affine open subsets U ⊆ X at all. But there are many interesting examples when X has good A-affine open covers with many nice properties: Example 1. Let X be a scheme over k, and let A = O X be the structure sheaf of X. If an open subset U ⊆ X is affine (in the usual sense), then U is O X -affine. This is well-known, see for instance Hartshorne [15], corollary II.5.5 and Grothendieck [11], theorem 1.3.1. Moreover, any open affine cover
Proof. We have that
is a left ring of fractions of A(U ) with respect to S = {f n : n ≥ 0} if and only if there exists such an isomorphism. The right-hand versions of these statements can be proved in the same way.
Let (X, A) be a quasi-coherent ringed scheme over k, and let F be a left Amodule. We remark that F is quasi-coherent as a left A-module if and only if F is quasi-coherent as a left O X -module. This follows from Grothendieck [9] , proposition 9.6.1 when A is a sheaf of commutative rings on X, and the proof can easily be extended to the general case. Proof. Let F be a quasi-coherent left A| U -module on U . Then F is quasi-coherent as an O X -module, and therefore H n (U, F ) = 0 for all n ≥ 1 by example 1. We shall show that Γ(U, −) : QCoh(A| U ) → Mod(A) defines an equivalence of categories by constructing an inverse functor qc U : Mod(A) → QCoh(A| U ): Let M be a left A-module, and let F be the quasi-coherent O X -module corresponding to M considered as a left O-module. Then Γ(U, F ) = M is a left A-module, and in order to describe qc U completely, it is enough to find a natural left
But since A has the localizing property of lemma 15, this is clearly possible, and the result follows.
Let (X, A) is a quasi-coherent ringed scheme over k. Then any open affine cover of X is an A-affine open cover of X. Moreover, any such cover satisfies (QC) since it satisfies (QC) with respect to O X -modules by example 1. In particular, the cover consisting of all open affine subsets of X is a good A-affine open cover of X which satisfies (QC). If moreover X is quasi-compact and separated over k, then X has a finite A-affine open cover which is closed under intersections and satisfies (QC).
Example 3. Assume that k has characteristic 0, and let (X, A) be a quasi-coherent ringed scheme over k. We say that A is a D-algebra on X if the following condition holds: For any open subset U ⊆ X and for all sections a ∈ A(U ), there exists an integer n ≥ 0 (depending on a) such that
for all sections f 1 , . . . , f n ∈ O X (U ). The symbol [a, f ] denotes the commutator af − f a ∈ A(U ) for all sections a ∈ A(U ), f ∈ O X (U ). If X is a scheme over k and A is a D-algebra, (X, A) is called a D-scheme.
The notion of a D-scheme was considered in Beilinson, Bernstein [2] . We remark that most quasi-coherent ringed schemes which appear naturally are D-schemes, and we shall give some important examples of D-schemes below.
It follows from the results in example 2 that if A is a D-algebra on X, then X has a good, A-affine open cover which satisfies (QC). If moreover X is quasi-compact and separated over k, then X has a finite A-affine open cover which is closed under intersections and satisfies (QC).
Example 4. Assume that k has characteristic 0, and let X be a scheme over k. For any sheaf F of O X -modules, we denote by Diff(F ) the sheaf of k-linear differential operators on F , see Grothendieck [13] , section 16.8. By definition, Diff(F ) is a sheaf of associative k-algebras on X, equipped with a morphism i : O X → Diff(F ) of sheaves of k-algebras on X.
It is clear that Diff(F ) is a D-algebra on X if and only if Diff(F ) is a quasicoherent left and right O X -module. By Beilinson, Bernstein [2] , example 1.1.6, this is the case if F is a coherent O X -module. In this case, X has a good, Diff(F )-affine open cover which satisfies (QC) by example 3. Moreover, if X is quasi-compact and separated over k, then X has a finite Diff(F )-affine open cover which is closed under intersections and satisfies (QC).
In particular, let us consider the case F = O X . Then Diff(F ) = D X , the sheaf of k-linear differential operators on X. If X is a locally Noetherian scheme, then O X is a coherent sheaf of rings on X. So by the previous paragraph, D X is a D-algebra on X in this case. We conclude that if X is a locally Noetherian scheme over k, then X has a good, D X -affine open cover which satisfies (QC). If moreover X is a separated Noetherian scheme over k, then X has a finite, D X -affine open cover which is closed under intersections and satisfies (QC).
We remark that there are some known examples of schemes which are D X -affine but not O X -affine. For instance, this holds for the projective space X = P n for all integers n ≥ 1, see Beilinson, Bernstein [1] . It also holds for the weighted projective space X = P(a 1 , . . . , a n ), see Van den Bergh [30] . Proof. This follows from lemma 16, since smoothness implies differential smoothness, and therefore that D X is a locally free (left and right) O X -module.
Example 5. Assume that k has characteristic 0, and let X be a separated scheme of finite type over k. A Lie algebroid of X/k is a quasi-coherent O X -module g with a k-Lie algebra structure, together with a morphism σ : g → Der k (O X ) of sheaves of O X -modules and of k-Lie algebras, such that
for all open subsets U ⊆ X and for all sections f ∈ O X (U ), g 1 , g 2 ∈ g(U ). The notion of a Lie algebroid on a k-scheme was considered in Beilinson, Bernstein [2] .
Let F be a sheaf of O X -modules on X. We define an integrable g-connection on F to be a morphism ∇ : g → End k (F ) of sheaves of O X -modules and of k-Lie algebras, such that
for all open subsets U ⊆ X and for all sections f ∈ O X (U ), g ∈ g(U ), m ∈ F(U ). Any Lie algebroid g of X/k has a universal enveloping D-algebra U(g), which has the property that the category QCoh(U(g)) of quasi-coherent left U(g)-modules is equivalent to the category of quasi-coherent sheaves of O X -modules with integrable g-connections. By construction, U(g) is a D-algebra on X, so X has a finite U(g)-affine open cover which is closed under intersections and satisfies (QC).
Let X be a separated scheme of finite type over k, and let g = Θ X = Der k (O X ) be the tangent sheaf of X. Then g is a Lie algebroid of X/k in an obvious way. It is well-known that U(g) ⊆ D X is a sub-sheaf of k-algebras in this case. Moreover, if X is a smooth, irreducible variety over k, then U(g) = D X .
Resolving complex of the projective limit functor
Let c be a small category, and let F : c → Ab be a functor. In this situation, we shall consider the complex of Abelian groups C * (c, F ), defined in the following way: For any integer p ≥ 0, let
where the product is taken over all p-tuples (ψ 1 , . . . , ψ p ) of composable morphisms
for all f ∈ C p (c, F ) and for all (p + 1)-tuples (ψ 1 , . . . , ψ p+1 ) of composable morphisms ψ i : c i → c i−1 in c. It is clear that this defines a complex of Abelian groups, and we shall denote its cohomology by H * (c, F ).
Proposition 19. Let c be a small category, and let F : c → Ab be a functor.
Then the complex C * (c, F ) has the following properties: 
for all g ∈ D p (c, G) and for all (p + 1)-tuples (ψ 1 , . . . , ψ p+1 ) of composable morphisms ψ i : c i−1 → c i in c. It is clear that this defines a complex of Abelian groups, and we shall denote its cohomology by H * (c, G). 
is the differential in the C * complex.
Global Hochschild cohomology
Let X be a topological space, let A be a sheaf of associative k-algebras on X, and let F , G be sheaves of left A-modules on X. In this section, we shall define the global Hochschild cohomology H * (U, F , G) with respect to an open cover U of X, and study its properties.
We may view U as a category, which we denote by U as well. The objects of this category are the open subsets U ∈ U, and given two objects U, V ∈ U, the morphisms from U to V are the (opposite) inclusions U ⊇ V . Clearly, U is a small category, and the assignment
defines a functor on the category Mor U for any integer p ≥ 0. For lack of a better name, we denote this functor by Hom k (⊗ 
for all a 1 , . . . , a p+1 ∈ A(U ). This defines a natural transformation of functors
for all integers p ≥ 0, and it is easy to check that
is a functor. By the construction in section 6, we may consider the corresponding double complex 
such that E ∞ = gr H * (U, F , G), the associated graded Abelian group with respect to a suitable filtration of H * (U, F , G).
Proof. Consider the first spectral sequence of the double complex D * * (U, F , G),
for all q ≥ 0, the result follows.
Proof. It is clear that H p (U, E q ) = 0 for p ≥ 1 since U only contains one open set. So the spectral sequence degenerates and
Obstruction theory
Let X be a topological space, let A be a sheaf of associative k-algebras on X, and let F = {F 1 , . . . , F p } be a finite family of left A-modules on X. In this section, we shall assume that X has a good A-affine open cover U and that F is a family of quasi-coherent left A-modules, and use this to construct an obstruction theory for Def F : a p → Sets. Without loss of generality, we may assume that U consists of open connected subsets of X.
Fix R ∈ a p , and let F R ∈ Def F (R). By definition, we have that F R ∼ = (F i ⊗ k R ij ) as a sheaf of right R-modules on X. So we may assume that F R = (F i ⊗ k R ij ) with the natural structure as a sheaf of right R-modules and some compatible left A-module structure.
Let U ∈ U. Then F R (U ) is a lifting of the family F (U ) = {F 1 (U ), . . . , F p (U )} of left A(U )-modules to R, and F R (U ) = (F i (U ) ⊗ k R ij ) with the natural right Rmodule structure. Moreover, the induced left A(U )-module structure on F R (U ) is determined by k-linear maps l R (U )(a) ij :
. This condition just means that the left A(U )-module structure on F R (U ) lifts the left A(U )-module structure on
There is an obvious multiplicative structure on Q R (U ), induced by the multiplication in R, and we see that the map
. This is a vector space over k, and the multiplication in R induces a multiplication
, so this notation is consistent with the one introduced in the previous paragraph.
We shall say that φ R (U V ) is A(U )-A(V ) linear and satisfies the cocycle condition when the above conditions hold.
Proposition 23. Let R ∈ a p . Then there is a bijective correspondence between deformations in Def F (R) and the following data, up to equivalence:
satisfies the cocycle condition, and lifts the restriction map
Proof. The construction above induces a map from Def F (R) to the set of equivalence classes of the data given in (1) and (2), and we shall construct its inverse. For each U ∈ U, the data in (1) defines a deformation of the family F (U ) to R. Since U is A-affine, this corresponds to a deformation F R | U of the family
Since A is a good open cover of X, we can use (2) to glue the sheaves F R | U to a sheaf F R on X. It follows that F R ∈ Def F (R), and this defines the required inverse.
We shall use the characterization of Def F (R) given in the proposition above to describe an obstruction theory of the deformation functor Def F : a p → Sets with cohomology (H n (U, F j , F i )), where H n (U, F j , F i ) is the global Hochschild cohomology defined in section 7.
Proposition 24. Let u : R → S be a small surjection in a p with kernel K = ker(u), and let F S ∈ Def F (S) be a deformation. Then there exists a canonical obstruction
if this is the case, then there is a transitive and effective action of (H
Proof. Let F S ∈ Def F (S), given by a homomorphism l S (U ) : A(U ) → Q S (U ) for each U ∈ U and a homomorphism φ S (U V ) ∈ Q S (U V ) for each U ⊇ V in U, satisfying the conditions of proposition 23. To lift F S to R is the same as to lift these data to R.
Choose a k-linear section σ : S → R such that σ(S ij ) ⊆ R ij and σ(e i ) = e i for 1
is a k-linear map which lifts l S (U ) to R for all U ∈ U, and we define the obstruction
and we define the obstruction
It is clear that φ R satisfies the cocycle condition if and only if o(2, 0) = 0. We see that o = (o(0, 2), o(1, 1), o(2, 0) ) is a 2-cochain in the total complex of the double complex
A straight-forward calculation shows that o is a 2-cocycle, and we denote by o(u,
class. An easy calculation shows that the class o(u, F S ) of o is independent upon the choice of l R (U ) and φ R (U V ). It is clear that if there is a lifting of F S to R, we may choose l R (U ) and φ R (U V ) such that o = 0, and therefore o(u, F S ) = 0. Conversely, assume that o(u, F S ) = 0. Then there exists a 1-cochain of the form c = (ǫ, ∆) with ǫ ∈ D 01 and ∆ ∈ D 10 such that
is another lifting of φ S (U V ) to R, and essentially the same calculation as above shows that the corresponding 2-cocycle o ′ = 0. Hence there is a lifting of F S to R. This proves the first part of the proposition.
For the second part, assume that F R is a lifting of F S to R. Then F R is defined by liftings l R (U ) and φ R (U V ) to R such that the corresponding 2-cocycle o = 0. Let us consider a 1-cochain c = (ǫ, ∆), and consider the new liftings l We remark that if u : R → S and u ′ : R ′ → S ′ are small surjections in a p with kernels K, K ′ , F S ∈ Def F (S) and F S ′ ∈ Def F (S ′ ), and α : R → R ′ and β : S → S ′ are morphisms in a p such that u ′ • α = β • u and Def F (β)(F S ) = F S ′ , then it is clear from the proof of proposition 24 that α
is the natural map induced by α. Hence we have constructed an obstruction theory of Def F : a p → Sets with cohomology (H n (U, F j , F i )).
The pro-representing hull
Let X be a topological space, let A be a sheaf of associative k-algebras on X, and let F = {F 1 , . . . , F p } be a finite family of left A-modules. In this section, we shall assume that the following conditions hold:
(1) X has a good A-affine open cover U,
We shall prove that the noncommutative deformation functor Def F : a p → Sets has a pro-representing hull H(F ) in this case:
Theorem 25. Assume that conditions (1) -(3) hold. Then there is an obstruction morphism
p is a pro-representing hull of the noncommutative deformation functor Def F : a p → Sets.
Proof. We have that Def F : a p → Sets is a functor of noncommutative Artin rings, and it has an obstruction theory with finite dimensional cohomology (
by proposition 24 and the comments following the proposition. Therefore, the result follows from theorem 2.
We remark that as in the case of noncommutative deformations of modules over an associative k-algebra, condition (3) is not strictly necessary. The condition for n = 2 is easy to get around, in the sense that we can construct the hull H without constructing the obstruction morphism o : T 2 → T 1 in this case. Moreover, a version of the theorem can be proved if we assume that H 1 (U, F j , F i ) has a countable k-basis for 1 ≤ i, j ≤ p, using the methods of Laudal [20] .
We also remark that if o is trivial, or in other words o(I(T 2 )) = 0, then Def F is unobstructed and H(F ) ∼ = T 1 . For instance, this is the case if H 2 (U, F j , F i ) = 0 for 1 ≤ i, j ≤ p. Otherwise, Def F is obstructed, and it is a nontrivial task to compute H(F ). According to a general principle for deformations of algebraic objects, there should be some matric Massey products, in the sense of May [24] , on the cohomology groups H 1 (U, F j , F i ). These matric Massey products will determine the obstruction morphism o : T 2 → T 1 , and therefore the hull H(F ). We shall describe these matric Massey products in a forthcoming paper.
Corollary 26. Assume that conditions (1) -(3) hold. Then there is a
In particular, the cohomology groups
Proof. By theorem 25, Def F has a pro-representing hull H = H(F ). As remarked earlier, this implies that there is an isomorphism t(Def F ) ij ∼ = I(H) ij /I(H) 2 ij of klinear spaces for 1 ≤ i, j ≤ p, and I(H) ij /I(H)
Corollary 27. Assume that conditions (1) -(3) hold. Then there is a natural injective
by lemma 9, this follows from the previous corollary and lemma 7.
In section 5, we have seen many examples of ringed spaces (X, A) for which there are good, A-affine open covers of X. For instance, this applies when X is a scheme over k and A = O X is the structure sheaf, or more generally, when (X, A) is a quasi-coherent ringed scheme over k.
In the previous section, we showed that the deformation functor Def F of a family of sheaves of modules has an obstruction theory with cohomology (H n (U, F j , F i )). This gives a precise description of the close relationship between the deformation functor Def F and the global Hochschild cohomology groups. Locally, these groups are given in terms of extensions. Moreover, corollary 27 suggests that there might be a close relationship between global Hochschild cohomology groups and extensions in QCoh(A), and therefore between deformations of sheaves of modules and extensions in QCoh(A). In the last part of this paper, we shall study this relationship in more detail.
However, notice that the global Hochschild cohomology groups can be computed directly in many cases, using the spectral sequence given in proposition 21. In section 12, we carry out such a computation when X is any (smooth) elliptic curve over k, and we consider F = O X as a quasi-coherent left D X -module via the natural action. As this example shows, it is often much easier to compute the global Hochschild cohomology groups than the groups of extensions in QCoh(A) when A is noncommutative.
Global Hochschild cohomology and extensions
Let X be a topological space, let A be a sheaf of associative k-algebras on X, and let U be an open cover of X. In this section, we shall study the cohomology groups H * (U, F , G) of the sheaves F , G of left A-modules, and relate them to extensions in QCoh(A).
Lemma 28. Let U be an A-affine open cover of X, and let F be a left A-module. Then the functor H * (U, F , −) : QCoh(A) → Ab is an exact δ-functor.
Proof. Clearly, H n (U, F , −) : Mod(A) → Ab is an additive functor of Abelian categories for all integers n ≥ 0. If U is an A-affine cover of X, then QCoh(A) is a thick subcategory of Mod(A) by proposition 13. Hence the restriction of H n (U, F , −) to QCoh(A) is also an additive functor of Abelian categories for all n ≥ 0. It is well-known that the cohomology functor on Compl(Ab) is an exact δ-functor, see Weibel [31] , section 2.5. Moreover, the functor which maps a double complex of Abelian groups to its total complex is clearly exact. It is therefore enough to show that
is exact by proposition 20.
For any F ∈ Mod(A), let us define H(F , −) : Mod(A) → Ab U to be the functor given by
for all G ∈ Mod(A), V ∈ U, and the functor P F : Mod(A) → Ab to be the composition of functors given by
Let us consider the restriction of the functor P F to QCoh(A). It is an additive functor, and we denote it by P F : QCoh(A) → Ab. If U is an A-affine open cover which satisfies (QC) and is closed under finite intersections, then QCoh(A) is an Abelian category with enough injectives and P F is left exact. Hence we may consider the right derived functors of P F on QCoh(A), which we denote by
There is a natural morphism Hom A (F , −) → P F of functors on Mod(A), hence of functors on QCoh(A) by restriction. If U is a good open cover of X, then this is an isomorphism of functors. If moreover U is an A-affine open cover which satisfies (QC) and is closed under finite intersection, then QCoh(A) is an Abelian category with enough injectives. Since Hom A (F , −) and P F are left exact functors on QCoh(A), it follows that the right derived functors qExt * A (F , G) and R * P F are universal δ-functors. Hence there is a natural isomorphism qExt * A (F , −) → R * P F of δ-functors on QCoh(A) in this case.
For any F ∈ Mod(A), let us define H ′ (F , −) : Mod(A) → Ab Mor U to be the functor given by
for all U ⊇ V in U and for all G ∈ Mod(A), and let P ′ F : Mod(A) → Ab be the composition of functors given by
Let us consider the restriction of P ′ F to QCoh(A). It is an additive functor, and we denote it by P 
is an isomorphism for n = 1 and an injection for n = 2.
Proof. The category QCoh(A) has enough injectives by lemma 14, so we can find an injective object I in QCoh(A) and a short exact sequence 0 → G → I → H → 0 in QCoh(A). By lemma 28, proposition 29 and proposition 30, we have a natural morphism qExt * A (F , −) → H * (U, F , −) of exact δ-functors on QCoh(A). So there is an induced morphism of long exact sequences
Since I is injective, qExt n A (F , I) = 0 for all n ≥ 1. By corollary 27, this implies that
is an isomorphism of functors on QCoh(A), we see that π 1 (F , G) is an isomorphism. But this holds for any G ∈ QCoh(A), so it is clear that π 1 (F , H) is an isomorphism as well. Finally, notice that qExt
We shall need a result for the derived functors of the projective limit in order to give a sufficient conditions for H * (U, F , −) to be a universal δ-functor. Let Λ be a partially ordered set, considered as a category, and consider any subset Ω ⊆ Λ as a subcategory via the induced structure of a partially ordered set. We define Ω = {λ ∈ Λ : λ ≤ ω for some ω ∈ Ω}.
In particular, we put λ = Ω, where Ω = {λ}. Let us consider a projective system F : Λ → Ab. We say that F is a flabby projective system on Λ if the following condition holds: For any λ ∈ Λ and for any subset Ω ⊆ λ such that Ω = Ω, we have that
is surjective. By Laudal [19] , proposition 1.1.9, any flabby projective system on a partially ordered set Λ is acyclic for the projective limit functor on Ab Λ .
Lemma 32. Let H be a sheaf of Abelian groups on a topological space X, and let U be a good open cover of X. If H| U is a flabby sheaf on U for all U ∈ U, then H is flabby considered as a projective system on U. In particular, H is acyclic for the projective limit functor on Ab U in this case.
Proof. In the notation of the definition, let λ = U and let Ω = V. Since V = V and U is a good open cover of X, it follows that V is a good open cover of W ⊆ X, the union of the open subsets in V. We see that the first projective limit is H(U ) and the second projective limit is H(W ). Since W ⊆ U is open and H| U is a flabby sheaf on U , H(U ) → H(W ) is surjective.
Let U be an open cover of X. We say that U is a flat open cover if A(U ) → A(V ) is a flat morphism of rings for all U ⊇ V in U. We recall that a morphism u : A → B of rings in flat if B is flat as a (left and right) A-module via u. We also remind the reader of the following result:
Lemma 33. Let u : R → S be a flat morphism of associative rings, and let M be a left S-module. If M is injective as a left S-module, then it is also injective as a left R-module.
Proof. The functor S ⊗ R − : Mod(R) → Mod(S) is left adjoint to the restriction of scalars functor S M → R M . Moreover, since u is flat, S ⊗ R − is an exact functor. Hence, by Weibel [31] , proposition 2.3.10, S M → R M preserves injective objects.
Let U be an open cover of X which satisfies (QC). We say that U satisfies (QC-E) if the functor i * : QCoh(A| V ) → QCoh(A| U ) is an exact functor for all inclusions i : V ֒→ U in U. Furthermore, we say that U satisfies (QC-I) if the restriction functor i −1 : QCoh(A| U ) → QCoh(A| V ) preserves injective objects for all inclusions i : V ֒→ U in U.
For expository reasons, we shall say that I ∈ QCoh(A) is U-injective if I is injective in QCoh(A) and I| U is injective in QCoh(A| U ) for all U ∈ U. Assume that U is an A-affine open cover which satisfies (QC) and is closed under finite intersections. Then it follows from the proof of lemma 14 that if U satisfies (QC-I), then QCoh(A) has enough U-injective objects. which converges to R * H(F , G). But the functor Γ(V, −) is exact on QCoh(A), so this spectral sequence degenerates, and R * H(F , G) ∼ = E * (F , G)(U ⊇ V ). This proves the claim in this case.
Let us consider the next case, and instead assume that U satisfies (QC-E). Again, U is an A-affine open cover which satisfies (QC) and F is quasi-coherent. So up to isomorphism of functors, we may consider H(F , −) : QCoh(A) → Ab as the functor given by G → Hom A|U (F | U , i * (G| V )). Moreover, this functor can be written as the composition G → i * (G| V ) → Hom A|U (F | U , i * (G| V )). For any U-injective I ∈ QCoh(A), i * (I| V ) is injective in QCoh(A| U ) since i * preserves injectives. So there is a Grothendieck spectral sequence for the composition, with
which converges to R * H(F , G). Since U satisfies (QC-E), the functor G → i * (G| V ) is exact on QCoh(A). So it follows that the above spectral sequence degenerates, and
, which proves the claim in this case.
Applications to quasi-coherent ringed schemes
Let us fix an algebraically closed field k, a quasi-coherent ringed scheme (X, A) over k, and a finite family F = {F 1 , . . . , F p } of quasi-coherent left A-modules. In this section, we shall assume that X is a separated scheme over k. This implies that we can find an open affine cover U of X which is closed under finite intersections, and we fix this open cover U of X as well.
The commutative case. Let us first look at the commutative case, where we assume that A = O X and i : O X → A is the identity.
is an isomorphism for n = 1 and an injection for n = 2 by theorem 31. Moreover, if X is a locally Noetherian k-scheme, it follows from lemma 11 that any injective object of QCoh(O X ) is injective in Mod(O X ). In this case, it is well-known that condition (2) and (3) in proposition 34 are satisfied, see Hartshorne [15] , lemma III.6.1 and Godement [6] 
Corollary 35. Let X be a separated, locally Noetherian k-scheme, and let F be a finite family of quasi-coherent O X -modules. Then Def F has an obstruction theory with cohomology (Ext
In Siqveland [27] , Siqveland considered a deformation functor Def F : l → Sets for any k-scheme X and any quasi-coherent O X -module F , and he claimed that this deformation functor has an obstruction theory with cohomology Ext n OX (F , F ). If X is a separated, locally Noetherian k-scheme, corollary 35 generalizes Siqveland's result to functors of noncommutative Artin rings. Moreover, it seems that the proof in Siqveland [27] contains an error in the generality in which it is stated. In fact, it seems necessary to require X to be a quasi-projective scheme over k and F to be a coherent O X -module for his methods to work.
The noncommutative case. Let us consider the general case, where (X, A) is any quasi-coherent ringed scheme over k such that X is a separated scheme over k. By theorem 31, the k-linear map
defined for 1 ≤ i, j ≤ p is an isomorphism for n = 1 and an injection for n = 2 in this case as well.
Corollary 36. Let (X, A) be a quasi-coherent ringed scheme over k such that X is separated k-scheme, and let F be a finite family of quasi-coherent A-modules. Then Def F has an obstruction theory with cohomology (H n ij ), where
In order to find sufficient conditions for π n (F j , F i ) to be an isomorphism for n ≥ 2, we have to deal with several technical difficulties, since it is not at all clear when the conditions of proposition 34 will be satisfied. To indicate the nature of these difficulties, we mention that Hom A (F j , F i ) is not a left A-module in general (and in particular not a quasi-coherent left A-module), and injectives in QCoh(A) are not injective in Mod(A) in general.
We say that U is localizing if there is an f ∈ O X (U ) such that V = D(f ) for any inclusion V ⊆ U in U. It is easy to see that any quasi-projective k-scheme has an open affine localizing cover which is closed under finite intersections.
Lemma 37. The open cover U satisfies (QC-E). If U is localizing, then it is a flat cover as well.
Proof. The first part is clear, since U satisfies (QC-E) with respect to O X -modules. For the last part, notice that if U ⊇ V = D(f ) with f ∈ O X (U ), then A(V ) is a ring of quotients of A(U ) with respect to the denominator set S = {f n : n ≥ 0} by lemma 15. This implies that A(U ) → A(V ) is flat by Stenström [29] , proposition II.3.5.
Let A be any associative k-algebra, and let S ⊆ A be any denominator set in A.
For any left A-module M , let t S (M ) = {m ∈ M : sm = 0 for some s ∈ S} ⊆ M be the S-torsion submodule of M . This defines a hereditary torsion theory, where the class of S-torsion modules is the class of left A-modules such that t S (M ) = M , and the class of S-torsionfree modules is the class of left A-modules such that t S (M ) = 0.
It is well-known that the class of S-torsionfree modules is closed under injective hulls, see Stenström [29] , proposition VI.3.2. If the class of S-torsion modules has this property as well, we say that the torsion theory is stable. It follows from Stenström [29] , proposition VI.7.2 that the following conditions are equivalent:
(1) The S-torsion theory is stable, (2) t S (E) and E are injective left A-modules for any injective left A-module E, (3) t S (E) is an injective left A-module for any injective left A-module E, where we write M = M/t S (M ) for any left A-module M .
Proposition 38. Let (X, A) be a quasi-coherent ringed scheme over k such that X is separated over k, and let U be an open affine localizing cover of X which is closed under finite intersections. Assume that the following conditions hold:
(1) X is a Noetherian topological space, (2) any injective object in QCoh(A| U ) is a flabby sheaf on U for all U ∈ U, (3) the S-torsion theory on Mod(A(U )) given by S = {f n : n ≥ 0} is stable for all U ∈ U, f ∈ O X (U ).
Proof. It is clearly enough to show that condition (2) and (3) in proposition 34 are satisfied. Let U ∈ U and write A = A(U ). For any f ∈ O X (U ), we may form the denominator set S = {f n : n ≥ 0} in A. By the stability condition, t S (E) and E are injective left A-modules for any injective left A-module E. Since S −1 E ∼ = S −1 E, this implies that S −1 E is an injective left S −1 A-module for any injective left Amodule E by Stenström [29] , proposition IX.2.7, together with proposition XI.6.4 and the following comments. Since U is a localizing cover, it satisfies (QC-I).
Let us consider any open set V ⊆ U . Since X is Noetherian, V can be covered by a finite number of open affine subsets of the form D(f i ) with f i ∈ O X (U ). Let E be any injective left A-module, and let E be the corresponding quasi-coherent sheaf on U . Then E is flabby by assumption, so the restriction map E → Γ(V, E) is surjective. We claim that the kernel of this map is an injective left A-module. In fact, the kernel is the intersection of the submodules t i (E) = t Si (E), where S i = {f n i : n ≥ 0} is a denominator set in A. It is easy to see that t i (t j (E)) = t i (E) ∩ t j (E) for any i, j. Since stability of the S i -torsion theory on Mod(A) means that E injective implies t i (E) injective for any i, the claim follows. Let us apply the functor Hom A (M, −) to the short exact sequence 0
Let F be any quasi-coherent left A| U -module and let
, where we write M = Γ(U, F ). We have seen that Hom A (M, E) → Hom A (M, Γ(V, E)) is surjective, so we can find a morphism ψ ∈ Hom A (M, E) which commutes with φ ′ . By construction, ψ commutes with φ V ∈ Hom A(V ) (Γ(V, F ), Γ(V, E)), and therefore with φ D(fi) for each i. We conclude that ψ commutes with φ, since φ is determined by the morphisms φ D(fi) . Hence condition (3) holds.
It is well-known that for a commutative Noetherian ring A, the S-torsion theory on Mod(A) given by any multiplicatively closed subset S ⊆ A is stable. However, for any integer n ≥ 1, Goodearl and Jordan has given an example of a simple Noetherian domain A, a denominator set S in A, and an injective left A-module E such that S −1 E has injective dimension n, see Goodearl, Jordan [7] , theorem 2.12. In fact, we may choose k = C, O = k[x 0 , x 1 , x −1 1 , . . . , x n , x −1 n ], and A ⊆ Diff(O) to be the subring generated by O and a derivation δ ∈ Der k (O), in such a way that A has Krull dimension and global dimension n + 1. In particular, the S-torsion theory on Mod(A) is not stable in these examples.
In fact, the ring A in the examples of Goodearl and Jordan is Noetherian, but not left fully bounded. In other words, there are more isomorphism classes of indecomposable injective left A-modules than there are prime ideals in A. We conclude that even though the sheaf of rings A of a quasi-coherent ringed scheme (X, A) has some nice localization properties, it does not necessarily behave well under localization of injectives.
The torsionfree case. Let (X, A) be a quasi-coherent ringed scheme over k such that X is a separated scheme over k. We say that a quasi-coherent left A-module F is O X -torsionfree with respect to U if F (U ) is a torsionfree left O X (U )-module for all U ∈ U. This means that for any U ∈ U and any regular element f ∈ O X (U ), f is F (U )-regular.
We say that a quasi-coherent left A-module F is O X -torsionfree if it is torsionfree as a left O X -module. Let us assume that X is an integral scheme. In this case, F is O X -torsionfree if and only if F (U ) is a torsionfree left O X (U )-module for all open subsets U ⊆ X, see Grothendieck [9] , section I.7.4. So if X is an integral scheme and F is a O X -torsionfree left A-module, then F is O X -torsionfree with respect to U.
Lemma 39. If U is localizing and F ∈ QCoh(A) is O X -torsionfree with respect to U, then there exists an imbedding 0 → F → I in QCoh(A) such that I is injective and O X -torsionfree with respect to U. If X is integral, we may choose I to be U-injective as well.
Proof. The hypotheses of lemma 14 are satisfied. We may therefore construct an injective object I ∈ QCoh(A) and an embedding 0 → F → I in QCoh(A) in the same way as in the lemma. More precisely, let us choose I i = E(F (U i )) to be the injective hull of the left A(U i )-module F (U i ) and I i to be the corresponding quasi-coherent left A| Ui -module for each open set U i ∈ U. It is clearly enough to show that I is O X -torsionfree with respect to U, and U-injective if X is integral.
By construction, I = (f i ) * I i . So it is clearly enough to show that each (f i ) * I i is O X -torsionfree with respect to U, and U-injective if X is integral. Hence we may fix an open subset U ∈ U and consider the inclusion i : U → X. It is enough to show that i * I is O X -torsionfree with respect to U, and U-injective if X is integral, where I is the quasi-coherent sheaf on U corresponding to I = E(F (U )).
For any V ∈ U, we have that i * I(V ) = I(U ∩ V ). But U ∩ V = D(f ) for some f ∈ O X (U ) since U is localizing, and I(U ∩ V ) = S −1 I, where S = {f n : n ≥ 0}. We may assume that f is nonzero, and therefore regular if X is integral. So f is F (U )-regular by assumption, and therefore also I-regular. It follows that S −1 I ∼ = I is an injective left A(U )-module, and therefore an injective A(U ∩ V )-module. This proves that i * I is U-injective if X is integral.
For any V ∈ U, we have that U ∩ V = D(g) for some g ∈ O X (V ) since U is localizing. Hence O X (U ∩ V ) = S −1 O X (V ), where S = {g n : n ≥ 0}. It follows that if f ∈ O X (V ) is regular, then f | U∩V ∈ O X (U ∩ V ) is also regular. But i * I(V ) = I(U ∩ V ) and f ∈ O X (V ) acts on i * I(V ) via f | U∩V . Since U ∩ V ∈ U, this means that i * I(V ) is O X (V )-torsionfree. Hence i * I is O X -torsionfree with respect to U.
Lemma 40. Let X be integral, let F is a quasi-coherent left A-module, and let I be a quasi-coherent left A-module which is U-injective and O X -torsionfree with respect to U. Then Hom A|U (F | U , I| U ) is a flabby sheaf on U for all U ∈ U.
Proof. We have to show that the restriction map H(U ) → H(V ) is surjective for any open subset V ⊆ U , where H = Hom A (F , I). We can always find an open cover {V i = D(f i ) : i ∈ I} of V , where f i ∈ O X (U ) is nonzero for all i ∈ I. Since X is integral, it follows that f i ∈ O X (U ) is regular, and therefore I(U )-regular for all i ∈ I. This implies that H(U ) → H(D(f i )) is an isomorphism for all i ∈ I. Moreover, H(U ) → H(D(f i f j )) is also an isomorphism, since f i f j ∈ O X (U ) is regular and therefore I(U )-regular. But since V i ∩ V j = D(f i f j ), it follows that H(U ) → H(V ) is an isomorphism. In particular, it is surjective. Proposition 41. Let (X, A) be a quasi-coherent ringed scheme over k such that X is an integral, quasi-projective scheme over k, let U be an open affine localizing cover of X which is closed under finite intersections, and let F , G be quasi-coherent left Amodules. If G is O X -torsionfree with respect to U, then π 2 (F , G) is an isomorphism.
Proof. By lemma 39, we can find a short exact sequence 0 → G → I → H → 0 in QCoh(A) such that I is U-injective and O X -torsionfree with respect to U. So by the proof of theorem 31, it is enough to show that H 2 (U, F , I) = 0. But since I is U-injective and O X -torsionfree with respect to U, it follows from the proof of proposition 34 and lemma 40 that H n (U, F , I) = 0 for all n ≥ 1.
Corollary 42. Let (X, A) be a quasi-coherent ringed scheme over k such that X is an integral, quasi-projective scheme over k, and let F be a finite family of quasicoherent left A-modules which are O X -torsionfree. Then Def F has an obstruction theory with cohomology (qExt n A (F j , F i )).
Computations for D-modules on elliptic curves
Assume that k is an algebraically closed field of characteristic 0, and let X be a smooth, irreducible variety over k of dimension d. Then the sheaf D X of k-linear differential operators on X is a D-algebra on X. We shall consider F = O X as a left D X -module via the natural left action of D X on O X , this is clearly a quasi-coherent left D X -module.
Let us choose an open affine cover U of X. Then U ⊆ X is a smooth, irreducible affine variety over k of dimension d for all U ∈ U. It is well-known that D X (U ) is a simple Noetherian ring of global dimension d and that F (U ) = O X (U ) is a simple left D X (U )-module, see Smith, Stafford [28] . Let E q = E q (F , F ) be the functor defined in proposition 21. We clearly have E q = 0 for all q > d and E 0 (U ⊇ V ) = k for all U ⊇ V in U. In the case when X is a curve (i.e. d = 1), we therefore have the following result:
Lemma 43. Let X be a smooth, irreducible curve over k, and let U be any open affine cover of X. Then we have H n (U, F , F ) ∼ = H n−1 (U, E 1 (F , F )) for all integers n ≥ 1, and H 0 (U, F , F ) ∼ = k.
Proof. Let E pq 2 = H p (U, E q (F , F )). Since E 0 is a constant functor, E We shall use this result to compute H 1 (U, F , F ) and H 2 (U, F , F ) explicitly when X is an elliptic curve and U is some open affine localizing cover of X which is closed under finite intersections. Finally, we shall use this to describe the noncommutative deformations of F .
Let (a, b) ∈ k 2 and let X(a, b) ⊆ P 2 be the irreducible projective curve given by the homogeneous polynomial
Then X(a, b) is a (smooth) elliptic curve if and only if ∆ = 4a 3 +27b 2 = 0. We shall assume that this is the case, and consider the corresponding smooth, irreducible elliptic curve X = X(a, b).
There is an open affine localizing cover U = {U 1 , U 2 , U 3 } of X which is closed under intersections. For instance, we may choose U 1 = D + (y), U 2 = D + (z) and U 3 = D + (yz). Let A i = Γ(U i , D X ) and M i = Γ(U i , F ) for i = 1, 2, 3. The functor E q = E q (F , F ) is given by the assignment E q (U ⊇ V ) = Ext q DX (U) (F (U ), F (V )) for all U ⊇ V in U, and we need to calculate H p (U, E 1 ) for p = 0 and p = 1. Clearly, it is possible to calculate E 1 (U ⊇ V ) for each U ⊇ V in U using free resolutions.
Let us start by calculating E 1 (F , F )(U i ⊇ U j ) for all open inclusions U j ⊆ U i in U. We remark that as far as we know, it is not possible to do this computation in any of the available computer algebra programs. But the computation can be done by hand, and we obtain the following results:
